AP Calculus AB

Unit 2 — Limits and Continuity



AP Calculus AB — Worksheet 7 Introduction to Limits

There are no great limits to growth because there are no limits of human intelligence, imagination, and wonder.
— Ronald Reagan

Answer the following questions.

1 For the function f (x)=5x2, as the x-value gets closer and closer to 3, f (x) gets closer and closer to what

PdF" value?

2 . x?—4

de" For the function f (x) = , as the x-value gets closer and closer to 2, f (x) gets closer and closer to what
value?

3 For the function ¢ (x)=e* +1, s the x-value gets closer and closer to 0, £ (x) gets closer and closer to what

?dP' value?

The graph of f (x) is given below, use the graph to answer the following questions.
1 y

6 a) lim f (x) b) lim f(x) o) limf(x) d) r(a)

x—4"
5 =+

AN

1 e e) lim f (x f) lim f(x g) limf(x) h) ¢
f—— / x—1" ( ) x—1" ( ) x—1 ( ) (1)

5 Use the graph of f (x) to estimate the limits and value of the function, or explain why the limit does not exist.
e
. a) XILTf(X) b) lim f(x) ¢ le_rgf(x) d) f(a)
6

N / e) limf(x) f)lmf(x) glimf(x) e (2
2_

X
>

2 4 | 1 2 3 4 5 6

6 Answer each statement as either True or False.
a) If £(1)=5,then limf(x) exists.
x—1

b) If f(1)=5and Iximf(x)exists, then IXiLTllf(x):S.

c) If IX|Lr11f(x):5,then f(1)=5.




Use the graph of £ (x) above to answer each statement as either True or False.

=N

M2

A
i

L B

a) lim f (x)exists b) lim f (x)=1 ¢) limf(x)=0

d) limf(x)=2 e) limf(x)=-1 f) 1lim f (x) exists for every
pointc in (—3,1).

0) Uﬂ]f(x) does not exist h) f(0)=0 i) f(0)=1

Dof@=-1 K} f1)=2 ) lim f(x) exists

X—2

. . 24 7x+12
Simpli X + X+l
plify x?—16




AP Calculus AB — Worksheet 8

Failing Limits; Properties of Limits

- limk=k

X—C

- lim[ f(x)-g(x)]=1lim

X—C X—C

- lim[bf (x)]=bL

X—C

Let b and ¢ be real numbers, let n be a positive integer, and let f and g be functions with the following limits:

lim f (x)=L

X—C

and  limg(x)=M.

X—C

- limx=c

X—C

- lim[ £ (x)£g(x)]=lim f (x)£limg(x)=L+M

X—C X—C X—C

Cf(x) limf(x)
ot -l

7T

- tim[ £ ()] -

1) Suppose lim f (x)=5, limg(x)

=-2,and limh(x)=9, find

X—C

a) tim[ f(0)+9(x)]
¢) tim[ f(x)g(x)]
(X)}

. l:f
lim
x—-1

g(x)

€)

a) lim[ f(x)g(x)] b) tim[  (x)~g(x)]
0 i) 0 1m0
. (%)
e) leLrC][Zh(x)—IBg(x)] f) lim _W}
-1 g(x) . >
o) i 4% " tim[ ()]
2) The graphs of f and g are given below. Use the graphs to evaluate each limit.
Vi L |
v=flx) / ¥y=glx)
7T ( LA
— —1 \1‘ '/ F:_.ff 14 =T \
; Fi u I '.I“" :;_,r ; U 1 \ -}

b) lim t (g(x))

d) Ixi_rE[Zf (x)+59(x)]

0 tim{x (x)]




3) Suppose that lim f (x)=0 and limg(x)=5. Determine the following limits.
a) Ixi_rp(g(x)+5) b) lim xf ()

o) limg?(x) d) Iim{ g(x)}

X7 Xes7




AP Calculus AB — Worksheet 9

Once we accept our limits, we go beyond them. — Albert Einstein

Evaluate the limit.

Evaluating Limits Algebraically

For the following piecewise function: f(X)={x*—1, 2<x<4  evaluate:

12) a) Iir?f(x) b) lim f(x)

x—2"

13) a) Iir?f(x) b) lim f(x)

x—4"

JX+5, x>4

)

lim f ()

X—2

lim £ (x)

x—4

1 -
XILrps(?»XJrz)
2 Iim(3x3—2x2+4)
Xx—1
3 . x—1
lim
x—3 x_4
4 : X
lim cos—
x—2 3
5 2
lim sin —
x>l 2
6 lirrolseCZx
7 . x*-=9
lim
x>3 X+3
8 . 3P —2x+1
lim
x—0 X
9 . 5x*+6x+10
lim———
-1 8x-1
10 . 2+5x+sinx
lim————~—
x=0  5cosx
11 5-X, X<3
For the following piecewise function f(X)=13x , evaluate lim f (x).
gp (=13 1 3 lim f (x)
4
X+1, XxX<2

d) f(2)

d) f(4)




AP Calculus AB — Worksheet 10 Algebraic Methods for Finding Limits; Indeterminate Forms

Limit Strategy Flowchart

The following flowchart can help you pick a strategy for evaluating limits of the form lim f(x),
X—a

where f(X) is a rational expression.

Study the flowchart, making sure you understand it. In your textbook, turn to exercises asking you
to evaluate a variety of limit expressions, and practice applying the flowchart.

Try to evaluate f(a).
What did you get?

| sot not O
| got a number, ¢ &
z 1
Y;)rl:l ;exdone. | got 0 The graph has a vertical
x->a bo=e 0 asymptote of x =a.
limf(x) is not a finite
X—a

number. Your answer is
+w, —oo,0r DNE. Check
left-hand and right-hand
limits to determine which
itis.

A 4
This is an indeterminate form, the
signal that you need to do something
to change the form of the expression.
Here are some options:
e Factor and reduce, if
appropriate

e Rationalize the numerator or
denominator, if appropriate

When you no

longer have an e Apply L’Hospital’s Rule
indeterminate e Apply trig identities
form, return to the e Reason from a graph

top and start again
with your new
expression.




Evaluate each limit

. 3 2 2
1) |XILT}(12X +x* 1) 2) lim x+1 L +5X+4
x5 X +2 x4 X+2
4) fim X~ 2X 5) lim-_2—X 6) lim(sin” x+cos” x)
x—0 X X—>4 2_\/; Xﬁz
2_y_ J — . 2X+1
7) IimM 8) IimM 9) lim h
x—-1 X+1 x—3 X—3 x>-3 X+3
2 2 2
10) tim Y +9y+8 . x*-100 . (9+h) -81
) U y? —64 19 hm x—10 12) i

2x+1, x<1 14) Suppose limf(x)=-5 and limg(x)=2 ,
13) |inl]f(x) for f(x):{x_3 le ) Supp o (%) Hgg( )
’ = evaluate leir;4[f (x)-2g(x)]

x> —ax, Xx<2

, find the value a that guarantees that lim f (x) exists.
3Xx+6, x>2 X2

15) Suppose f (x) ={

2 -
X' -4x, x<-1 , find the value a that guarantees that lim f (x) exists.
ax3 B 2, x> 1 x—-1

16) Suppose f (x) ={

17) if limt)*9 g fing lim f (x).
X—7 X—=7

X—7

18) If IimL)_?

X—4 X—4

_6, find lim f (x).




AP Calculus AB — Worksheet 11

Limits — The Difference Quotient/The Squeeze Theorem

The only limits to the possibilities in your life tomorrow are the “buts” you use today. — Les Brown

f(x+Ax)— f(x)

2. f (x)=x*—4x

For #1-4, find lim .
AX—0 AX
1. f(x)=2x+3
4
3. f(x)=—
(%)=

4. f(x)=vx

Use the graph of  (x) shown below to answer 5-7. The domain of f (x) IS (—o0,0).

:v 5. le_r)r; f(x)
6 I
4l .
T 6. lim f (x)
*r—
\ ___2\
e || o 7. Identify the values of ¢ for which {gnf(x) exists. (Hint: think interval)
2 + 2 4
I B
Find the limit, if it exists.
2 -
8. lim X+ 3X 2 9. lim*—>
x—1 x—1 -5 x+1

— : )

10, fim 3 11. Im;(sm x)
=2 x" =25 %
12 If1<f(x)< x?+2x+2 forall x, find lim F(x). Justify.
x—-—1
13 If—3cos(7rx) < f(\) <x*+2, evaluate lim f(x). Tustify
x—l
14 i i
If 2_x%2< g(x)g 2cos X for all X, find leing(X) .
15 — -
If |imM:1, findlim f (x).
X—4 X—2 X—4




AP Calculus AB — Worksheet 12

Review

Limits at Infinity and Review

| |
6141
| |
5 1 l
| |
| |
4 |
| |
| |
3 l i
| |
" | |
= |
| |
' + |
| |
| | x
0l 1 2 3 4 5 6
Graph of f

For questions 1-2, use the graph of the function f shown above.

1 - - -

a) lim f (x) b) lim f (x) c) legz] f(x) d) t(2)
2 - - .

a) lim f (x) b) lim f (x) c) lim (x) d) f(a)
3 i 2 _ _

le_r)rl(x 3x+7)=
4 Iirrl1\/x3+7x+1:
> . x* -9

x>-3x° —-2x-15
6 _2x° +6x°

||mﬁ=

x>0 4% + 3X
7 _|x=3|

lim——=

x—»3 X—3
8 2 i

Given f(x)=1 " sin (). 2 find the value of ¢ that lim f (x) exists

x> +cx—18, x>2 X2




Limits at Infinity

Evaluate each limit

- 3 2 - 3 2 2
1) lim(-5x°-7x*+1) | 2) lim(5x° 7% +1) 3) lﬂl(“%) 5 mzwi;gx
. 9x+8 . 9x+8 2 2
5) lim 6) lim . \2X" -4 . X" -4
) x>0 QX + 7 ) x>0 QX + 7 7) lim—— 8) lim
x> X4+ 3 X0 ¥ 4
3 3 - _ N
9) limX 10) lim X 11) fim SN 12) lim J=0X¥sin2x
x> g x>0 @ x> 15X x>=0  BX 4 COS2X
13) 14) Determine the horizontal asymptote(s) of each of

For which of the following does lim f(x) = 07?
X—yo0

1
L f(0) =T
-

EX
Inx
%9

M. f(x)=2—

ex

I f(x) =

the following.

20%° — X
a) y=-""""
) 1+4x?
(3x+8)(5-4x)
(2x+1)’

N
X2 -1

b) f(x)=
C) g(x)=




AP Calculus AB - Worksheet 13 Continuity
Strive for continuous improvement, instead of perfection. — Kim Collins

3-Part Definition of Continuity

1. Determine the x-values at which the function f below has discontinuities. For each value state which condition is
violated from the 3-part definition of continuity.

5” l. f (c) is defined

4] _ _
\ 1. lim f(x) exists.

B X—C

\ . f(c)=Ilimf(x)

X—C
X
>
0 ) 4

(4 ¥]

M2

=k

I,
LT

Show (THREE STEPS) that each of the following functions is either continuous or discontinuous at the given value of x.

2. f(x)=x+5atx=1 3. f(x)=x*+2x—-latx=0
2 2
4. f(x):x —16 atx=4 5. f(x):x —25 atx=5
X—4 X+5
6. f(x):1 atx=3 7. f(x)=3x_1 atx=-3
X 2X+6
LY
' X
¥ b 5 A B3 Db oa
\ 2
\ 3
\ 4
\ 5
/ o
y=r | \ .
N e
N
Tﬂ.o

Y
8. Determine the intervals on which the graph of f (x), shown above, is continuous




State the open interval(s) on which each function is continuous.

14. State the interval(s) on which f (X) is continuous.

13. Given f (X) and the graph of f (X) , state why continuity fails at each value of x.

S r0)=x 2 10, f(x)=1
X
x?+1 X2 —3x+2
11. f = 12. f = = =
() x—1 () x?+4x -5
X’ -1, ~1<x<0 »
2%, 0<x<1 y=nx ‘
2 a0l 2)
f(x)=11 x=1 A
_2x+4, 1<x<2 -'"l:“‘ e 2v4d
— &
0, 2<x<3 (LN
i : l l—l—, x
K0 T
LT i R




AP Calculus AB — Worksheet 14

For questions 1 & 2,
a) Determine the x-coordinate of each discontinuity on the graph of f (x).

b) ldentify each discontinuity as either removable or jump.
c) Evaluate the limit at each discontinuity.
d) State the interval(s) on which £ (x) is continuous.

2.

[ ]

Continuity - Removable

bd |—

For questions 3-5, answer the following:
a) Determine the x-coordinates of any discontinuities on the graph of £ (x).

b) Identify the discontinuities as either infinite or removable.
c) Evaluate the limit at each removable discontinuity.
d) State the interval(s) on which £ (x) is continuous.

e) Write an extended function of g(x) that is continuous.

X—2 x2—4 x?+x—-12
3. f(X)=——— 4. f(x)= 5 f(x)=2_2"-%
(x) x? —5X +6 (x) X+ 2 (x) x? +6x+8
. 2x2 -4, x<2 ) o
6. Find the value of a that makes f (x) = continuous on the entire interval.
ax+3, x=2
. ax’ +2, x<3 . o
7. Find the value of a that makes f (x) = continuous on the entire interval.
4x-1, x=3
(2x+1)(x-2) .
—_, # . ..
8. Find the value of k that makes f (X) = X—2 continuous on the entire interval.
k X=2
Evaluate each limit
99 X . In X 99
9. lim2 10. lim 11. lim—- 12. lim —
X—>o0 ex x=» |n X x—0 X X—>—00 ex




AP Calculus AB - Worksheet 15 Continuity — Infinite Discontinuities

Each of the following has a removable discontinuity. Find an extended function, g (x), that removes the discontinuity.

) £ X %8 2) f(x):)):z_:/% 3 f(x)=Xt8

4) Find each limit

a)  lim =X b) lim —X
x>-3 X+3 x>-3" X+ 3
2
5) Find the vertical asymptote on the graph of f (x)= X —lgx . Describe the behavior of f (x) to the left and right
X+

of the vertical asymptote.

For problems 6-7,
a) Determine the x-coordinate of the discontinuities on the graph of f (x). Identify the discontinuities as either

infinite or removable.
b) Use limits to describe the behavior of f (x) near any removable discontinuities.

c) State the interval(s) on which £ (x) is continuous.
d) Identify any vertical asymptotes on the graph of f (x). Use limits to describe the behavior of f (x) near the

vertical asymptote.
e) Use limits to identify any horizontal asymptotes on the graph of f (x).

f) Draw an accurate graph of f (x).

x?—4 2x? —5x+3
) () x? +3x+2 ) (¥ X2 +6x—7

8) Sketch the graph of any function such that:

lim £ (x) =0
f(1)=3
lim f (x) =2

x—1

lim f (x)=5

X—00




AP Calculus AB -

Worksheet 16

Continuity 4

To live for results would be to sentence myself to continuous frustration. My only sure reward is in my actions and not

from them. — Hugh

Prather

For problems 1-4, use the graph to test the function for continuity at the indicated value of x.

1.

1a) Explain why continuity fails at x=-1.

1b) What kind of discontinuity does f (x) have?

1c) On what open interval(s) is s(x) continuous?

2a) Explain why continuity fails at X=2.

2b) What kind of discontinuity does r(x) have?

2¢) On what open interval(s) is r(x) continuous?

3a) Explain why continuity fails at x=3.

3b) What kind of discontinuity does f (x) have at Xx=37?

3c) On what open interval(s) is f (x) continuous?

bW b

,_.
n
t

4a) Explain why continuity fails at x=1.

4b) What kind of discontinuity does f (x) have?

4c) On what open interval(s) is f (x) continuous?




Determine whether £(x) is continuous at the given value of x.

5) f(x):{s"””’

X<2

x> +3x-9, x>2

X=2

-2X+3, x<1

6) f(x):{ , x=1

X2, x>1

Find the constant a, or the constants a and b, such that the function is continuous on the entire number line.

7 f(x)={x’ X<2

2

axs, x>2

4-x%, x<-1

8) f(x):{

ax?-1, x>-1

2!
9) f(x)=<ax+b,
-2,

x<-1
-1<x<3
X>3

X2 +3X, X<2
10) f(X)= a, =2
X—4, X>2




AP Calculus AB — Worksheet 17

Intermediate Value Theorem

In 1-3, verify that the Intermediate Value Theorem guarantees that there is a zero in the interval for the given function.

f(x):%X4_X3+3; [12] 2 f(x)=x"+3x-2; [-2]] 3) f(x)=x*-x-cosx; [0,7]

In 4-6, verify that the Intermediate Value Theorem applies to the indicated interval and find the value of ¢ guaranteed
by the theorem. No calculator is permitted on these problems.

2 f(x)=x*+x-1 5) f(X)=x"-6x+8 6) f(x)=x-x"+x-2
f(c)=11in [0,5] f(c)=5in [0,3] f(c)=4in[03]
/ Given selected values of the continuous function h(X) , What is the fewest number of times h(X) =43 in the
interval [0,30]? Explain your reasoning.
X 0 5 10 15 20 25 30
h(x) 100 40 40 110 30 10 50
8 i)

Water is pumped into a tank at a rate modeled by W (t) =2000e 2 ljters per hour for 0<t <8, where t is measured
in hours. Water is removed from the same tank at a rate modeled by R(t) liters per hour, where Ris continuous and

decreasing on 0<t<8. Selected values of R(t) are shown in the table below.

t (hours) 0 1 3 6 8
R(t) (liters/hour) 1340 1190 950 740 700

For 0<t<8, is there a time t when the rate at which water is pumped into the tank is the same as the rate at
which water is removed from the tank? Explain your reasoning.

9 For each of the graphs below state how continuity is destroyed at x = c .
(a) ¥ (b) v © v @ v
o/ | 7] - :
‘c X (I, x c‘* x LL x
10
1, x<-1
X
Determine whether f (X) is continuous at X=-1 for f(x)= X1 1 _xe<1




AP Calculus AB - Worksheet 18 Limits and Their Properties Review

1 . l4sinx 2 . cos2x
lim lim —;
X 1—cosx D0 X
2
3 I (6)63 ~5x) 4 lim x> +x*
L s
5 . 8x*—5x 6 . 5
lim ——— lim
x>0 y° —3x 4" x —4
7 3_ 8 .
lim 4x2 32 lim .
2 5x% =20 xoolte
9 . e* 10| .. sin3x
lim — lim
x>0 4%3 — 3 x—=0 7X
11 Sketch a graph of a function such that: 12 | Find the value of a that will make g (x)
f(3)=2 lim f (x)=-1 continuous.
lim f (x)=-o0 lim f(x)=o _ ax+3, x=<1
x—>-2" x—>-2" g 2
_ _ (x+a) —-10, x>1
lim f (x)=5 lim f (x)=—o0

Use the following graph of s () to answer the next five questions. If the limit does not exist, state why.

| &_J//” 13 mf(x) [14 lmf(x) [15 mf(x) [16 fmi(x) |17 fimf(x)
\

\
T\
\
18
18 _f(x+h)=f(x
Evaluate L"Tol berh)= F() for f(Xx)=2x"-7x
P If f(x) XL XL ermine if t tx=1
= x=1.
_ax41 x»1 determineif ¢ (x) continuous a
20 X* +6Xx+8
— X#-2 o : :
If f(X)=9 x+2 , determine if  (x) is continuous at x=-2.
2, X=-2
21 x* —16

Find an extended function of f (x) = that is continuous.




Answers

Worksheet 8
1)
a) -10 b) 7 c) 3 d) 1
c
e) 24 hY 4
) n° 9 -2 )
2)
a) 3 b) 2 C) 0
d) 8 ) 1 f) -2
2
3)
la) 10 b)) 0 lc) 25 [d) -5
4) 9
5) 7
Worksheet 9
1) -7 2) 5 3) -2 5 1 51 6) 1 7o
2
8) DNE 9)3 10 2 11) DNE 12)a)3 13)a) 15
) b) 3 b) 3
c) 3 ¢) DNE
d) undefined d) 3
Worksheet 10
6 20
1) 12 2) 5 3 3
4) > 5) 4 6) 1
7) -5 g ! 9) DNE
10) 7 11) 20 12) 18
16
13) DNE 14) -36 15) a=—4




Worksheet 12

Quiz Review
1) 2;2;2;1 2) 2;4;DNE; 4 3) 11 4) 3
6) 2 7) -1
5) 3 ) ) 8) 4
4 2
Limits at Infinity
1) 2) oo 3) 8 4) 9
5) 1 6) 1 7 2 8) -2
9 0 10) 11) 0 12) -1
13) land 111 14)
a) y=5
b) y=-3
) y=Ly=-1
Worksheet 18
1.2 2.0 3 3 4. 0 5. DNE 6. oo 7 12
2 5
8.1 9.0 1 3 11. Answers 12. -4,3 13. 1 14, -2
0.5 will vary
15. DNE 16. 2 17. 1 18. 4x—7
19. 20.
1Lf(1)=1 I f(-2)=2
2
[lim £ (x) =12 lim f (x)=-2 1. tim X8 iy (x4) =2
” x—1" x—1- X——2 X+ 2 X—>—2
IJE}DNE 1. f(—2):XILnj2 (x)=2

o f (x) is not continuous at x =1

= f(x) is continuous at x = -2

21.
f (x) is not continuous at x =4

x* 16 _m(x—4)(x+4)

LILQ X—4 _LL4 (X—4) =!(iLT2(X+4)
x? —-16
, 4
g(x): X—4 X




